MAT 303 Spring 2013 Calculus IV with Applications

Homework #5 Solutions

Problems

e Section2.4: 6,8
e Section 3.1: 4, 6,10, 14, 18

24.6. Given the IVP ' = —2xy, y(0) = 2, apply Euler’s method to approximate a
solution on the interval [0,1/2], first with step size h = 0.25, and then with step size
h = 0.1. Compare the three-decimal-place values of the two approximations at x = 1/2

with the value y(1/2) of the actual solution, y(x) = 2¢~*".

Solution: Computing x, = x,-1 +h and y, = y,—1 + hf(xy_1,yn—1) iteratively with
f(x,y) = —2xy and step sizes h = 0.25and h = 0.1,

n. Xn Yn n. Xn Yn

0 0 2 0O O 2

1 025 2 1 0.1 2

2 05 175 2 02 196
3 03 1.882
4 04 1.769
5 0.5 1.627

Therefore, the approximate values are 1.750 and 1.627, respectively. The actual value is

e~1/4 ~ 1,558, so the absolute and relative errors are
AEp.25
AEg5 = [1.750 — 1.558] = 0.192 REgzs = i = 0124 = 124%
AEj.25
AEgos = [1.627 — 1.558] = 0.069 REg)5 = 1 ;58 = 0.045 = 4.5% n

2.4.8. Given the IVP i’ = e Y, y(0) = 0, apply Euler’s method to approximate a solution
on the interval [0,1/2], first with step size 1 = 0.25, and then with step size h = 0.1.
Compare the three-decimal-place values of the two approximations at x = 1/2 with the
value y(1/2) of the actual solution, y(x) = In(x + 1).

Solution: Computing x, = x,-1 +h and y, = y,—1 + hf(x,-1,y,—1) iteratively with
f(x,y) =e ¥ and step sizes h = 0.25and h = 0.1,

n o xp Yn n xy Yn n
0 O 0 0 O 0
1 025 0.25 1 01 01
2 05 0445 2 0.2 0.190
3 03 0273
4 04 0.349
5 05 0.420
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Therefore, the approximate values are 0.445 and 0.420, respectively. The actual value is
In(1.5) ~ 0.405, so the absolute and relative errors are

AEy.2

AEgo5 = |0.445 — 0.405| = 0.040 REqzs = :055 = 0.097 = 9.7%
AE.25

AEgas = [0.420 — 0.405| = 0.015 REgzs = 4005 — 0.037 = 3.7%

3.1.4. Verify that y; = cos5x and y, = sin5x are solutions to y” + 25y = 0. Find a
particular solution of the form y = c1y1 + coy» so that y(0) = 10 and y'(0) = —10.

Solution: We first compute the derivatives of these solutions:

y; = —5sinbx ¥y = 5cosb5x
y] = —25cos5x Yy = —25sin5x

Then

y{ +25y; = —25cos5x + 25cos5x = 0
¥y + 25y, = —25sin5x + 25sin5x = 0

so both are solutions. To solve the IVP, we set up the system
y(0) = ¢1cos(5(0)) + c28in(5(0)) = 10 y'(0) = —5¢; sin(5(0)) + 5¢p cos(5(0)) = —10.

Then c; = 10, and 5¢; = —10, so c; = —2. Therefore, y = 10 cos 5x — 2 sin 5x. n

3.1.6. Verify that y; = ¢** and y, = e 3 are solutions to ¥y’ +y' — 6y = 0. Find a

particular solution of the form y = c1y1 + ¢y so that y(0) = 7 and v/ (0) = —1.

Solution: We first compute the derivatives of these solutions:

vy = 2 vy = 4e*
Yy = —3e Yy =9~

Then

yll, +]//1 - 6]/1 = 4@2x +2€2x _ 6€2x —0
]/z’ + ylz - 6y2 = 93*3x _ 3673x + 66733{ —0

so both are solutions. To solve the IVP, we set up the system

y(0) = c1e2(0) + C2€—3(0) -7 Y (0) = 2C1€2(0) — 30,030 = 1.
Then ¢; + ¢ = 7, and 2c; — 3cp = —1. Solving this linear system, c; = 4 and ¢y = 3, so
y = 4e?¥ + 3¢ %%, .
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3.1.10. Verify that y; = € and y, = xe®* are solutions to y” — 10y’ + 25y = 0. Find a
particular solution of the form y = ¢1y1 + c2y» so that y(0) = 3 and y'(0) = 13.

Solution: We first compute the derivatives of these solutions:
Yy = 5 yh = 25>
vy = e 4 5xe> = (1 + 5x)e™ vy = 5e +5(1 + 5x)e> = (10 4 25x)e™"
Then
¥y — 10y} +25y; = (25 — 50 +25)e* = 0
y5 — 10y + 25y2 = (10 4 25x — 10 — 50x + 25x)e™* = 0
so both are solutions. To solve the IVP, we set up the system
y(0) = 1% 4 ¢,(0)°®) =3 y'(0) = 5c16°© 4 ¢5(145(0))®©) = 13.

Then ¢; = 3, and 5¢; + ¢ = 13,50 c; = 13 —15 = —2. Thus, the solution is y =
3e2% — 2xed”, .

3 2.1

3.1.14. Verify that y; = x? and y, = x~3 are solutions to x?y" + 2xy’ — 6y = 0. Find a
particular solution of the form y = c1y1 + cpy7 so that y(2) = 10 and y/(2) = 15.

Solution: We first compute the derivatives of these solutions:

Yy =2x Yo =2
yi = —3x~* yl = 12x75

Then
Xy +2xy] — 6y = 2x* +4x* —6x* =0
X2y + 2xyh — 6yp = 12x7% —6x 2 —6x 2 =0
so both are solutions. To solve the IVP, we set up the system
y(2) = 122 +¢,27° =10 ¥ (2) = 2¢1(2) —3c274 = 15.

Then 4c; + c2/8 = 10, and 4c; — 3c2/16 = 15. Subtracting the second equation from the
tirst, 5¢ /16 = —5,s0 c; = —16,and c; = 3. Thus, y = 3x2 — 16x 3. n

3.1.18. Show that y = x> is a solution of yy"" = 6x*, but that if ¢ # 1, then y = cx> is not
a solution.

Solution: Letting y = cx®, y' = 3cx?, and y” = 6cx. Plugging these into the DE, yy”’ =

(cx®)(6cx) = 6c2x*. Thus, this is equal to 6x* if and only if ¢ = 1. Therefore, y = x> and
y = —x are the only solutions to the DE of this form. L



